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Abstract
The formulation of gravity theory is considered where space-time is a 4-dimensional
surface in flat ten-dimensional space. The possibility of using the ”external” time (the
time of ambient space) in this approach is investigated. The transition to the ”external”
time is realized with the help of partial gauge fixing, the coordinate condition which
equates the timelike coordinate of the surface and time of the ambient space. It is shown
that by using such a gauge condition in the action, the loss of any equations of motion
does not take place, although it can happen in the general case. A version of the canonical
formalism of the theory is studied in which certain additional constraints are imposed,
providing the equivalence of the approach under consideration and general relativity. The
corresponding first-class constraint algebra is obtained. It is proved that using the gauge
directly in the action leads to the same result as gauge fixing in the constraint algebra,
despite the artificial introduction of some of the constraints into the theory. Application
of the ”external” time may be useful for attempts to quantize the theory as well as for
studies in embedding theory where 4-dimensional surfaces fill the whole ambient space
and coordinates on the surfaces are not introduced.
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1 Introduction
Embedding theory is an alternative approach in describing gravity. In this approach, our
4-dimensional space-time is not considered as an abstract Riemannian space but as a 4-
dimensional surface in flat ambient space of larger dimension (multidimensional Minkowski
space). Then the dynamic variables describing the gravitational field are not the components
of the metric gµν(x
α) but the embedding function ya(xα) that determines the surface (here and
henceforth µ, ν, . . . = 0, 1, 2, 3, a, b, . . . = 0, 1, . . . , N−1,where N is the number of ambient space
dimensions). According to Friedmann’s theorem which generalizes the Janet-Cartan theorem
to pseudo-Euclidean spaces, for a space of signature (1, 3) with an arbitrary analytic metric to
be locally represented as such a surface, one should take N ≥ 10, and the signature of ambient
space-time must have the form (r,N − r) with 1 ≤ r ≤ N − 3 (see, e.g., [1]). Thus, without
restricting the generality from a local viewpoint, it is sufficient to use an ambient space with
N = 10 and r = 1, i.e., with one timelike direction (we will use the signature +− . . .−).
Such a choice is preferable from a physical viewpoint because the existence of a few timelike
directions complicates interpretation of the results of the theory, especially if we further pass
on to a certain field theory in the ambient space [2]. One should, however, note that when
constructing explicit embeddings of physically interesting solutions to the Einstein equations,
one also uses some versions of the ambient space with r > 1, i.e., with a few timelike directions.
This can happen, in particular, if a certain symmetry of the surface is assumed (see examples
in [3]) or if a global nature of the embedding is required, i.e., its smoothness at all points
including the horizons (see examples in [4]).
The metric is expressed in terms of the embedding function according to the induced metric
formula
gµν(x) = ∂µy
a(x)∂νy
b(x)ηab, (1)
where ηab is the flat metric of the ambient space, see [1].
For the first time, a description of gravity, similar to the approach of string theory, in the
form of a theory of a 4-dimensional surface in 10-dimensional space with the signature (1,9) was
suggested in [5] and discussed in [6].Later on, the idea of embedding in flat space was repeatedly
used for the description of gravity [7–14]. It is of interest to note that in [7, 11] this idea has
emerged independently. Studies in the embedding theory are also being continued in the recent
years [15–17]. It is worth noting that the approach of embedding theory is essentially different
from brane theory which has recently become popular [18] in that in embedding theory the
ambient space is flat and does not contain gravity.
In the framework of the idea of space-time embedding in flat ambient space, there are also
attempts to connect the quantum effects in space-time and in the ambient space [19–21] (see
also the list of references in [21]), and for this purpose explicit embeddings of physically relevant
solutions to the Einstein equations are built, see, e.g., [3, 4, 22, 23] as well as references in [4].
A detailed, although somewhat obsolete list of references connected with embedding theory
and related issues can be found in the review paper [24]. A formalism convenient for making
calculations in embedding theory is presented in detail in the book [25].
A description of gravity in the framework of embedding theory may turn out to be useful
in attempts to build a quantum theory of gravity because in this approach a flat space emerges
in a natural way. Many problems appearing in attempts of quantization of gravity in terms
of the metric (presented, for example, in the review [26]), emerge because we try to apply the
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quantization procedure, which has been quite successful in field theory in flat space, to the case
where the dynamic variables are the geometric characteristics of space and it is these quantities
that should be quantized.
In particular, one of the important problems is the problem of choosing time. Since in the
framework of a general covariance symmetry the theory is invariant under time reparametriza-
tion, the Hamiltonian of the theory reduces to a linear combination of the constraints (see the
Arnovitt-Deser-Misner (ADM) formalism [27]), and, as a result, in the Schro¨dinger picture the
state vector does not change with time. It is usually supposed that this indicates that the role
of ”physical” time should not be played by the coordinate x0but some other quantity, however,
a satisfactory method of building such a quantity in the framework of GR is unknown in the
general case. Since embedding theory is formulated in Minkowski ambient space, its timelike
coordinate y0can play such a role in this formulation of gravity.
One more problem is a formulation of the causality principle in gravitation theory. In
quantum field theory the causality principle usually means that the operators corresponding
to regions separated by a spacelike interval should commute. In the usual formulation of
gravitation in terms of the metric gµν ,it is hard to formulate such a principle because the
interval between points is determined by the metric which itself is an operator. Therefore, for
a given pair of space-time points, it is not possible in an absolute sense, i.e., independently of
the state vector, to say by which kind of interval they are separated. However, if one describes
gravity in the framework of embedding theory, one can build a variant of the theory in the
form of a field theory in ambient space, and then causality can be defined in the usual way
for quantum field theory. Such a variant of embedding theory has been suggested in [2]. In
this ”splitting theory”, a field specified in the ambient space describes a set of noninteracting
4-dimensional surfaces, and each of these obeys the same equations as in embedding theory and
can be considered as our space-time.
To perform canonical quantization of the theory, it is necessary to formulate it in a canonical
(Hamiltonian) form. For embedding theory (and therefore for the splitting theory) it turns out
to be a complicated problem. If one takes, as is usually done in embedding theory, the action in
the Einstein-Hilbert form, substituting there the metric in the form (1), then it will contain time
derivatives of higher than the first order. The Hamiltonian formulation in this case requires
using some special methods, and this approach was developed in [8, 28]. However, one can
notice that, rejecting the surface terms in the action, one can bring it to a form which does
not contain higher than the first-order time derivatives. In this case, the canonical formalism is
developed in the usual way, but either some of the constraints cannot be written in an explicit
form [29], or they can only be written by introducing additional variables, which leads to the
emergence of second-class constraints [12]. Some results in quantization of embedding theory
have been obtained in [12, 30].
The opportunity to simplify the canonical formalism of embedding theory, simultaneously
solving the problem of extra solutions (the equations of embedding theory can lead to some
other, ”extra” solutions in addition to those of the Einstein equations, they are discussed
in [14, 16, 31, 32]) was noticed as early as in [5]. To this end it is necessary, in addition to the
constraints emerging in the canonical formalism, to impose ad hoc four more constraints, the
socalled ”Einsteinian” constraints (4 of the 10 Einstein equations). As a result, there emerges
the Regge-Teitelboim formulation of gravitation which turns out to be equivalent to Einstein’s.
The canonical formalism of this theory with ”internal” time x0 was built in [14, 33]. It was
found that the Hamiltonian of the theory reduces to a combination of eight constraints (four
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of which are the additionally imposed ”Einsteinian” constraints), and for these constraints,
the corresponding algebra of first-class constraints was built. A relationship was also revealed
between this algebra and the algebra describing general relativity (GR) in the ADM approach
[27].
The purpose of the present paper is a study of the ”external” time (y0) canonical formalism
for formulation of the Regge-Teitelboim gravitation theory. To that end, it is necessary to pass
over from the description of the surface by the embedding function ya(xα) to its description by
the function yA(y0, xi) (here and henceforth i, k, . . . = 1, 2, 3 and A,B, . . . = 1, . . . , 9), specifying
the dynamics by the time y0 of the threedimensional section of our space-time. This transition
reduces to imposing the condition
y0(xα) = x0, (2)
which partly fixes the generally covariant arbitrariness of the coordinate choice on the surface,
which is partial gauge fixing. The transition from the ”internal” time x0 chosen arbitrarily to
the ”external” time y0 of Minkowski ambient space seems natural from the viewpoint of time
choice at quantization. Besides, such a transition turns out to be an intermediate step on the
way to the construction of the canonical formalism for the above-mentioned splitting theory
suggested in [2]. This is the case because the splitting theory describes the set of surfaces,
each of these corresponding to the single surface of embedding theory but describes them in a
coordinate-free manner (the coordinates xµ on the surfaces are not introduced), so that in the
canonical formalism one can use only the time of ambient space.
In Section 2 of the present paper we consider examples of simple theories in which gauge
fixing in the action can both change and leave unchanged the equations of motion; we show how
the canonical descriptions of the full theories and theories with a fixed gauge are connected.
In Section 3 we study the influence of using the condition (2) in the action on the equations of
motion in embedding theory. Section 4 is devoted to the construction of a canonical description
of the Regge-Teitelboim formulation with ”external” time, while in Section 5 we calculate the
constraint algebra of such a theory. In Section 6 the results obtained are compared with the
canonical formalism with ”internal” time obtained in [14, 33]. It is not easy to establish a
relationship between these two formalisms a priori without performing complete calculations
because they are not constructed in a totally standard way from the action, and in the process
of construction, the Einsteinian constraints are additionally imposed.
2 Examples of gauge fixing in the action
2.1 A gauge that changes the theory
Consider an example of a theory in which gauge fixing in the action changes the equations of
motion. Consider the action of free electrodynamics
S = −1
4
∫
d4x FµνF
µν =
∫
d4x
(
1
2
F0iF0i − 1
4
FikFik
)
, Fµν = ∂µAν − ∂νAµ. (3)
The equations of motion have the form
∂µF
µν = 0. (4)
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Note that these four equations are connected by the differential identity ∂ν∂µF
µν = 0. Let us
write down the canonical formalism which is well known for this theory. We have the generalized
momenta pii = F0i, pi0 = 0, which create the primary constraint φ1 = pi0 ≈ 0 (here and in
what follows the sign ≈ denotes a ”weak” equality which cannot be used before calculating all
Poisson brackets). Having written the expression for the Hamiltonian and finding the secondary
constraint φ2 = ∂ipii ≈ 0, we finally find the generalized Hamiltonian of the theory in the form
H =
∫
d3x
(
1
2
piipii +
1
4
FikFik + λ1φ1 + λ2φ2
)
, (5)
where λ1,2 are the Lagrange multipliers. The constraints φ1 and φ2 form the system of first-class
constraints since their Poisson brackets are zero.
Now let us use the gauge A0 = 0 in the action, after which it takes the form
S =
∫
d4x
(
1
2
(∂0Ai)(∂0Ai)− 1
4
FikFik
)
. (6)
Varying it in the remaining variables Ai, we obtain the new equations of motion
∂µF
µi = 0, (7)
and their number is smaller that in (4) by one. Thus it is evident that in this example gauge
fixing in the action leads to a nonequivalent theory in which one of the equations has been
lost. One can note that because of the differential identity that connects equations (4) the lost
equation reduces to a condition for the initial data, which, having been imposed, is conserved
due to the remaining equations of motion (see an analysis of this example in [33]), nevertheless,
the theory (6) turns out to be nonequivalent to the theory (3).
Let us write down the canonical formalism for the theory (6). For the generalized momentum
we have pii = ∂0Ai, constraints are absent, and for the Hamiltonian of the new theory we find
Hnew =
∫
d3x
(
1
2
piipii +
1
4
FikFik
)
. (8)
Let us now look what happens if in the full theory (3) now in the Hamiltonian formalism, we fix
the gauge by introducing it as the additional condition χ = A0 ≈ 0. Since the Poisson bracket
of the constraints {φ1, χ} 6= 0, these are second-class constraints, and they can be solved by
expressing with their aid the pair of conjugated variables A0, pi0 in terms (in the general case)
of other variables in the first-order Lagrangian [34]:
L(1) =
(∫
d3x (pi0∂0A0 + pii∂0Ai)−H
)∣∣∣∣
A0=0,pi0=0
=
=
∫
d3x
(
pii∂0Ai −
(
1
2
piipii +
1
4
FikFik + λ2φ2
))
, (9)
whence we find the expression for the Hamiltonian of the full theory (3) with the eliminated
pair of variables:
H˜ =
∫
d3x
(
1
2
piipii +
1
4
FikFik + λ2φ2
)
. (10)
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As we see, in the present case the Hamiltonian describing the full theory does not coincide with
the Hamiltonian of the new theory (8), and the difference consists in the term containing the
constraint φ2 with the Lagrange multiplier. It is this constraint that forms the lost equation of
motion that distinguishes (4) from (7).
The above example shows that gauge fixing in the action leads in the general case to a
changed theory, unlike gauge fixing in the equations of motion or in the Hamiltonian formalism
by introduction of additional conditions. However, in some cases gauge fixing in the action can
also leave the theory unchanged, and the corresponding example is considered in Section 2.2.
2.2 A gauge that does not change the theory
Let us now consider an example of a theory in which gauge fixing in the action does not change
the equations of motion. Consider the action of a relativistic particle
S = −
∫
dτ
√
x˙µ(τ)x˙µ(τ), x˙
µ(τ) ≡ d
dτ
xµ(τ). (11)
We note that this theory has much in common with the description of gravity in embedding
theory. The equations of motion due to the action (11) have the form
u˙µ = 0, uµ ≡ x˙
µ
√
x˙ν x˙ν
. (12)
These four equations are connected by the algebraic identity uµu˙
µ = 0. Let us write down
the canonical formalism, well known for this theory. We have the generalized momentum
pµ = −uµ, which creates the primary constraint φ = pµpµ − 1 ≈ 0. It is easy to verify that the
Hamiltonian for this theory turns out to be zero as it is for any theory symmetric with respect
to time reparametrization, while the generalized Hamiltonian reduces to a term containing a
constraint with the Lagrange multiplier:
H = λφ. (13)
Let us now use a gauge in the action: the coordinate condition x0(τ) = τ , which identifies the
particle’s time (”internal” time, compare with (2)) with the time of Minkowski space (”external”
time). As a result, the action takes the form
S = −
∫
dτ
√
1− x˙i(τ)x˙i(τ). (14)
Varying it in the remaining variables xi, we obtain the new equations of motion
d
dτ
(
x˙i√
1− x˙kx˙k
)
= 0, (15)
which coincide with three of the four equations (12),while the fourth equation has been lost.
However, in this case, unlike the one considered in Sec. 2.1, because of the algebraic identity
that connects Eqs. (12) and the condition u0 6= 0 this lost equation turns out to follow from the
other three. Indeed, from (15) it follows that the quantity x˙kx˙k does not depend on τ , hence
immediately follows the validity of Eq. (12) at µ = 0.
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Thus, in this example, gauge fixing in the action leaves the theory unchanged, leading to the
same equations of motion. This fact can also be explained from a geometric viewpoint. Indeed,
the equations of motion follow from the requirement that variation of the action vanishes at
small variations δxµ(τ) of the independent variable. However, since the form of the action
(11) requires that the vector uµ, tangent to the particle world line should be timelike at each
point, an arbitrary small deformation of the particle world line may be provided by a variation
δxµ(τ), in which δx0(τ) = 0. It is therefore unimportant whether the variable x0(τ) is varied
or not varied due to gauge fixing in the action. Precisely the same situation takes place in the
description of gravitation in the framework of embedding theory, whose equations of motion
are analyzed in Section 3.
Consider the well-known canonical formalism for the theory (14). Writing down the ex-
pression for the momentum pi and making sure that there emerge no constraints, it is easy to
obtain the expression for the Hamiltonian
Hnew =
√
1 + pipi. (16)
Let us now look what happens if, for the full theory (11), now in the Hamiltonian formalism
we fix the gauge by introducing it as the additional condition χ = x0 − τ ≈ 0. Since the
Poisson bracket of the constraints {φ, χ} 6= 0, these are second-class constraints, and they
can be solved by expressing, with their aid, the pair of conjugated variables x0, p0 in terms of
other variables in the first-order Lagrangian (herewith for p0 one should take the negative value
because p0 = −u0 < 0 at x0 = τ):
L(1) =
(
p0x˙
0 + pix˙
i −H)∣∣
x0=τ,p0=−
√
1+pipi
= pix˙
i −
√
1 + pipi = pix˙
i − H˜, (17)
from which we find that the expression for the Hamiltonian H˜ of the full theory (11) with the
excluded pair of variables coincides with the Hamiltonian of the new theory (16).
Thus in the above example the canonical formalism emerging after gauge fixing in the action
can be obtained as a result of gauge fixing in the canonical formalism of the full theory and by
introduction of an additional condition. For the Regge-Teitelboim formulation of gravity, one
cannot be sure about a similar result because it does not directly follow from the action but
emerges after additionally imposing the Einsteinian constraints in the process of building the
canonical formalism.
3 The equations of motion using ”external” time
Let us find out whether the equations of motion of embedding theory will change if we use the
”external” time as time in our dynamics, i.e., impose the condition (2)in the action. As the
action of the embedding theory, we take, as is usually done, the Einstein-Hilbert action
S =
∫
d4x
√−gR, (18)
in which we substitute the induced metric (1). Varying this action with respect to the embed-
ding function ya(x), we can obtain the equations of motion of the theory, the Regge-Teitelboim
equations [5], having the form
Gµν baµν = 0, (19)
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where Gµν is the Einstein tensor, baµν = ∇µ∇ν ya is the second fundamental form of the surface,
and ∇µ is the covariant derivative (see the details about the formalism of the embedding theory
and the notations used in [14, 33]). Note that Eqs. (19) can contain, besides the solutions to
the Einstein equations, some ”extra” solutions, they are discussed in [14, 16, 31, 32]).
In Section 2 we have shown that gauge fixing in the action may both change the equations
of motion and leave them unchanged. Let us find out which of these variants is realized when
using the condition (2) in the action of the theory (18), that is, whether or not Eqs. (19). will
change in this case. Equating to zero the variation of the action under an arbitrary variation
of yA(x) and under the condition (2):
δS = −
∫
d4x
√−g Gµνδgµν = −
∫
d4x
√−g Gµν (eµ,A∂νδyA + eν,A∂µδyA) = 0 (20)
(here eµ,A = ∂µyA), one can obtain the equations of motion in the theory with ”external” time
in the form
GµνbAµν = 0. (21)
These are nine of the ten Regge-Teitelboim equations (19).
At first sight, the theory with ”external” time turns out to be nonequivalent to the original
one because one of the equations is lacking. However, it is not the case since the lacking
equation
Gµν b(0)µν = 0 (22)
(the index ”(0)” is here written in parentheses to designate that it is the zeroth component of
a 10- dimensional rather than 4-dimensional quantity) follows from the other equations (21).
This can be proved by contradiction. Let Eqs. (21) be satisfied but not Eq. (22). Then the
vector ua ≡ Gµνbaµν has only the zeroth component, hence it is timelike. However, it is known
(see, e.g., [14]), that for any vector ma tangent to a surface, holds the equation mab
a
µν = 0,
consequently, mau
a = 0, i.e., the vector ua is orthogonal to the surface. Since we assume that
the ambient space contains only one timelike direction, and at each point of the surface there
is a timelike vector tangent to it, we arrive at a contradiction.
Thus we obtain that the equations of motion of the theory with ”external” time are equiv-
alent to the Regge-Teitelboim equations, whose derivation used an arbitrary choice of time.
The same result could also be obtained from geometric considerations. Indeed, the surface has
a timelike tangent vector at its every point, therefore its arbitrary small deformations can be
specified by moving it along spacelike directions only. Consequently, increments of the action
at arbitrary variations of ya reduce to its increments at variations of only the components of
yA, and the equations of motion coincide.
4 The canonical formalism in ”external” time
In the previous section we have seen that using the ”external” time does not change the equa-
tions of motion of the theory. Let us now investigate the canonical formalism in ”external” time
for the Regge- Teitelboim formulation of gravitation, i.e., when the Einsteinian constraints are
additionally imposed. To do that, we impose the condition (2) in the action written in the form
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obtained in [33] in which the dependence on y˙a ≡ ∂0ya is explicit. Let us note that, under the
condition (2), the threedimensional spacelike submanifold x0 = const of our space-time turns
out to be embedded in the nine-dimensional flat space y0 = const. Therefore, for the second
fundamental form
3
baik of this submanifold (all quantities corresponding to it will be marked by
”3”) the relation
3
b
(0)
ik = 0 is valid, while for the projector
3
Π⊥ab to the space transversal to this
submanifold at a given point, hold the relations
3
Π⊥(0)(0) = 1 and
3
Π⊥(0)A = 0. Using these facts,
it is not hard to obtain the expression for the action in the form
S =
∫
dx0L(ya, y˙a), L =
∫
d3x
1
2

 y˙A BAB y˙B√
1 + y˙A
3
Π⊥AB y˙B
+
√
1 + y˙A
3
Π⊥AB y˙B B
D
D

 , (23)
where
BAB = 2
√
− 3g
3
bAik
3
bBlmL
ik,lm, Lik,lm =
3
gik
3
glm − 1
2
(
3
gil
3
gkm +
3
gim
3
gkl
)
. (24)
The quantity Lik,lm used here coincides, up to a factor, with theWheeler-DeWitt superspace
metric.
Let us find the generalized momentum piA for the variable y
A from the action (23):
piA =
δL
δy˙A
= BAFn
F +
1
2
nA
(
BDD − nFBFHnH
)
, (25)
where
nA =
3
Π⊥AB y˙
B√
1 + y˙A
3
Π⊥AB y˙B
. (26)
Taking into account (24) and the properties of the quantity
3
bAik, from the relation (25) we obtain
three primary constraints
Φ˜i = piA
3
eAi = 0, (27)
where
3
eAi = ∂i
3
yA. Let us suppose that, in addition to the constraints emerging in the usual
way, there must be additionally imposed four Einsteinian constraints
nµG
µν ≈ 0, (28)
where nµ is the unit normal to the submanifold x
0 = const, for which part of the components of
the corresponding vector in the ambient space are specified by Eq. (26). Applying the condition
(2) to the expressions for these constraints presented in [33], we can write them down in the
form
H˜0 = 1
2
(
nAB
ADnD − BAA
) ≈ 0, H˜i = −2√− 3g 3∇k
(
Lik,lm
3
bAlm nA
)
≈ 0. (29)
If we use the constraint H˜0 in the relation (25), it takes the simple form
piA = BAFn
F . (30)
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The quantity nA is unambiguously related to the transversal component of the velocity
3
Π⊥ABy˙
B:
3
Π⊥
A
B y˙
B =
nA√
1− nAnA
, (31)
since the square of nA can be expressed in terms of y˙A by the relation
nAnA =
y˙A
3
Π⊥AB y˙B
1 + y˙A
3
Π⊥AB y˙B
. (32)
The opportunity to express the transversal component of the velocity unambiguously in terms
of nF , and hence in terms of the momentum piA, makes a difference of principle between the
theory with a partly fixed gauge (2) from the approach without such fixing, because in the
usual approach the vector na is normalized to unity, and this leads to the emergence of one
more primary constraint, see [33], which does not emerge in the case under consideration here.
Using Eqs. (26) and (30), it is easy to find that the Hamiltonian of the theory
H =
∫
d3x piAy˙
A − L (33)
turns out to be proportional to the constraint H˜0, hence it is equal to zero in the weak sense.
Therefore the generalized Hamiltonian reduces to a linear combination of the three constraints
(27) and the four constraints (29). It turns out to be convenient to consider, instead of the
constraints H˜i, the linear combination Ψ˜k = H˜k+Φ˜i 3gik. It will be shown below (see Section 5)
that, as in the approach without using the condition (2), such a linear combination generates
the transformations which are isometric bendings of the submanifold x0 = const. Now the set
of seven constraints will look as follows: Φ˜i, Ψ˜
i and H˜0.
In the canonical formalism, the constraints should be expressed in terms of generalized
coordinates and momenta. To bring them to the necessary form, we introduce a quantity
inverse with respect to
3
bAlm in the following sense (note that the quantity
3
Π⊥BA is a projector
onto a 6-dimensional space):
3
b−1 ikA
3
bAlm =
1
2
(
δilδ
k
m + δ
i
mδ
k
l
)
,
3
b−1 ikA
3
bBik =
3
Π⊥
B
A ,
3
b−1 ikA =
3
b−1 kiA , (34)
as well as a quantity inverse to Lik,lm:
Lˆpr,ik L
ik,lm =
1
2
(
δlpδ
m
r + δ
l
rδ
m
p
)
, Lˆlm,ik =
1
2
(
3
glm
3
gik − 3gli 3gmk − 3glk 3gmi
)
. (35)
As a result, we obtain the set of seven constraints
Φ˜i = piA
3
eAi , Ψ˜
i = −
√
− 3g
3
∇k

 1√
− 3g
3
b−1 ikA pi
A

+ piA 3eiA,
H˜0 = 1
4
√
− 3g
piA
3
b−1 ikA Lˆik,lm
3
b−1 lmB pi
B −
√
− 3g
3
bAik
3
bDlmηDAL
ik,lm, (36)
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and the generalized Hamiltonian of the theory reduces to their linear combination:
H˜gen =
∫
d3x
(
λiΦ˜i +NiΨ˜
i +N0H˜0
)
(37)
using the ”external” time. Note that without using the condition (2) there are eight constraints
(see [33]).
5 The algebra of constraints when using
the ”external” time
To verify the closure of the algebra of constraints and to find its precise form, it is necessary
to calculate the Poisson brackets of the constraints (36) with each other. To do that, it is
convenient to pass on to convolutions of the constraints with arbitrary functions ξi(x)andξ(x),
introducing the quantities
Φ˜ξ ≡
∫
d3x Φ˜i(x) ξ
i(x) =
∫
d3x piA
3
eAi ξ
i, H˜0ξ ≡
∫
d3x H˜0(x) ξ(x),
Ψ˜ξ ≡
∫
d3x Ψ˜i(x)ξi(x) =
∫
d3x piA
(
3
b−1 ikA
3
∇iξk + 3eiAξi
)
. (38)
Their usage simplifies the calculations and makes it possible to write down the results in a
more compact form. The calculations necessary for obtaining the Poisson brackets of the seven
constraints (38) with each other to a large extent repeat those performed in [33], therefore we
here present them in rather a brief form.
First of all, let us make clear the geometric meaning of the three constraints Φ˜i, and to do
so, we calculate their action on the dynamic variables:
{
Φ˜ξ, y
A(x)
}
= ξi(x)∂iy
A(x),

Φ˜ξ, piA(x)√− 3g(x)

 = ξi(x)∂i piA(x)√− 3g(x) , (39)
where {. . . } are Poisson brackets. This means that Φ˜ξ generates the transformation xi →
xi + ξi(x) of the three-dimensional coordinates on the surface of constant time (it should be
noted that the generalized momentum piA(x) is a 3-dimensional scalar density). The same is
also true in the approach without using the condition (2), see [33]. Since all the constraints
(36) are tensor densities, one can immediately write down their action on the corresponding
convolutions (38) of the constraints Φ˜i:
{
Φ˜ξ, Φ˜ζ
}
= −
∫
d3x Φ˜k
(
ξi
3
∇iζk − ζ i
3
∇iξk
)
, (40)
{
Φ˜ξ, Ψ˜ζ
}
= −
∫
d3x Ψ˜k
(
ξi
3
∇iζk + ζi
3
∇kξi
)
, (41)
{
Φ˜ξ, H˜0ζ
}
= −
∫
d3xH˜0ξi∂iζ. (42)
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Further, let us make clear the geometric meaning of the three constraints Ψ˜i. It turns out
that {
Ψ˜ξ,
3
gik(x)
}
= 0. (43)
This means that Ψ˜ξ generates isometric bendings of the 3-dimensional constant-time submani-
fold. Since, due to the condition (2) this submanifold is embedded in flat 9-dimensional space,
the number of the existing bending generators is three, which corresponds to the difference
between the number of ambient space dimensions and the number of components in the 3-
dimensional metric, i.e., six. Note that without using the condition (2), the ambient space is
10-dimensional, and the number of generators of bendings becomes four, see [33]. Using (43),
after rather cumbersome calculations it turns out to be possible to find the result of action of
the constraint Ψ˜ξ on itself and on H˜0ζ :
{
Ψ˜ξ, Ψ˜ζ
}
=
∫
d3x Ψ˜i
(
rξA
3
∇irAζ − rζA
3
∇irAξ
)
, (44)
{
Ψ˜ξ, H˜0ζ
}
=
∫
d3x Ψ˜i
(
rCξ
3
∇i
(
piBB˜BCζ
)
−
(
3
∇irCξ
)
piBB˜BCζ
)
, (45)
where
rBξ ≡
δΨ˜ξ
δpiB
=
3
b−1 ik B
3
∇iξk + 3eiBξi, B˜EC = 1
2
√
− 3g
3
b−1 ikE Lˆik lm
3
b−1 lmC . (46)
To complete the algebra construction, it is also necessary to find the action of the constraint
H˜0ξ on itself. After one more cumbersome calculation we obtain:
{
H˜0ξ , H˜0ζ
}
=
∫
d3x
(
−
(
Ψ˜l − 3glmΦ˜m
)(
ξ
3
∇lζ − ζ
3
∇lξ
)
+
+Ψ˜k
(
piBB˜BAξ
3
∇k
(
piCB˜ACζ
)
− piBB˜BAζ
3
∇k
(
piCB˜ACξ
)))
. (47)
Thus the system of constraints turns out to be closed: the Poisson brackets of the constraints
with each other turn out to be proportional to the constraints themselves. Eqs. (40), (41),
(42), (44), (45) and (47) represent the obtained algebra of constraints in the Regge-Teitelboim
formulation of gravitation using the ”external” time, i.e., under partial gauge fixing (2) in
the action. It is useful to note that the Poisson brackets of the three constraints Ψ˜i with all
constraints turn out to be proportional to themselves, i.e., they form a subalgebra which is an
ideal.
6 Comparison with the case of gauge fixing
in the Hamiltonian formalism
Let us check whether the canonical formalism obtained in the previous sections for the Regge-
Teitelboim formulation of gravitation using the ”external” time is reproduced if one introduces
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partial gauge fixing (2) in the form of an additional condition in the canonical description of
the theory with arbitrary time. This question requires a separate study because, unlike the
examples considered in Section 2, a certain part of the constraints considered in the present
approach (the Einsteinian constraints (28)) do not follow from the action but are imposed
additionally.
Let us write down the Hamiltonian of the theory with arbitrary time and the corresponding
algebra of constraints, obtained in [33] (some misprints have been corrected in the relations
presented). The Hamiltonian has the form of a linear combination
Hgen =
∫
d3x
(
λiΦi +NiΨ
i +N4Ψ
4 +N0H0
)
(48)
of eight constraints:
Φi = pia
3
eai , Ψ
i = −
√
− 3g
3
∇k

 1√
− 3g
piaαika

+ pia 3eia,
Ψ4 = piaw
a, H0 = 1
4
√
− 3g
piaαika Lˆik,lmα
lm
b pi
b −
√
− 3g
3
baik
3
bblmηabL
ik,lm, (49)
where
wa
3
eal = 0, wa
3
baik = 0, |wawa| = 1, (50)
αika = α
ki
a , α
ik
a
3
eal = 0, α
ik
a w
a = 0, αika
3
balm =
1
2
(
δilδ
k
m + δ
i
mδ
k
l
)
. (51)
The algebra of constraints, written in terms of the convolutions
Φξ ≡
∫
d3x Φi(x) ξ
i(x), H0ξ ≡
∫
d3x H0(x) ξ(x),
Ψξ ≡
∫
d3x
(
Ψi(x) ξi(x) + Ψ
4(x) ξ4(x)
)
, (52)
has the form [33]:
{Φξ,Φζ} = −
∫
d3x Φk
(
ξi
3
∇iζk − ζ i
3
∇iξk
)
, (53)
{Φξ,Ψζ} = −
∫
d3x
(
Ψk
(
ξi
3
∇iζk + ζi
3
∇kξi
)
+Ψ4 ξi∂iζ4
)
, (54)
{
Φξ,H0ζ
}
= −
∫
d3x H0 ξi∂iζ, (55)
{Ψξ,Ψζ} =
∫
d3x
(
δyaΨξ Ψab δy
b
Ψζ
− δyaΨζ Ψab δybΨξ
)
, (56)
{
Ψξ,H0ζ
}
=
∫
d3x
(
δyaΨξ Ψab δy
b
H0
ζ
− δyaH0
ζ
Ψab δy
b
Ψξ
)
, (57)
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{H0ξ ,H0ζ} =
∫
d3x
(
δyaH0
ξ
Ψab δy
b
H0
ζ
− δyaH0
ζ
Ψab δy
b
H0
ξ
−
(
Ψk − 3gklΦl
)(
ξ
3
∇kζ − ζ
3
∇kξ
))
. (58)
Here we have used the differential operator
Ψab =
(
Ψiηab −Ψ4 wb
wcwc
(
αika
3
∇k + 3eia
))
3
∇i, (59)
as well as the notations
δyaΨξ(x) = {Ψξ, ya(x)} = αika
3
∇iξk + 3eiaξi+waξ4, δyaH0
ζ
(x) =
{H0ζ , ya(x)} = Bˆacpicζ, (60)
where
Bˆac =
1
2
√
− 3g
αaikα
c
lmLˆ
ik,lm. (61)
In a similar manner to the way it was done in the examples of Section 2, we perform partial
gauge fixing (2), introducing it as the additional condition χ = y0−x0 ≈ 0. It is easy to notice
that the Poisson bracket between this condition and one of the constraints has the form{
Ψ4, χ
}
= w(0). (62)
As has been mentioned at the beginning of Section 4, if the condition (2) is satisfied, the 3-
dimensiona submanifold x0 = const turns out to be embedded in the 9-dimensional flat space
y0 = const, whence it follows that
3
e
(0)
i = 0,
3
b
(0)
ik = 0. In this case from (50) in the generic
situation it follows
wA = 0, |w(0)| = 1. (63)
Owing to that, one can conclude from (62) that Ψ4 and χ form a pair of second-class constraints,
and one can try to solve them by expressing in their terms the pair of conjugated variables
y0, pi0. With (63), turning to zero of the constraint Ψ
4 means that pi0 = 0. Since the generalized
momentum is equal to zero, a substitution of the values of variables to be eliminated, found by
solving the constraints χ,Ψ4, to the first-order Lagrangian is equivalent to their substitution
directly to the generalized Hamiltonian (48). Such a situation takes place, in particular, in
the example from Section 2.1, whereas in the example from Section 2.2, for which after solving
the constraint the momentum turns out to be nonzero, a direct substitution to the generalized
Hamiltonian would give, as is easily seen, a wrong result.
It is easy to verify that, as a result of a substitution of the values of y0 = x0, pi0 = 0 found
from the constraints χ,Ψ4, to the generalized Hamiltonian (48) one obtains the expression for
the Hamiltonian in the form (37). To do that, one should notice, by comparing Eqs. (49) and
(36), that the constraints Φi,Ψ
k,H0 turn into the constraints Φ˜i, Ψ˜k, H˜0, respectively. At the
comparison, it is necessary to take into account that if y0 = x0, then for the quantity αika
determined from (51) one can write
αik(0) = 0, α
ik
A =
3
b−1 ikA , (64)
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see (34).
Further, one can verify that the algebra of constraints (53)-(58) of the theory with arbitrary
time, after explicitly solving the constraints χ,Ψ4 turns into the algebra of constraints (40),
(41), (42), (44), (45), (47) for the canonical formulation of the theory with ”external” time,
obtained in Section 5. To do that, it is necessary to use the relations which follow from a
comparison of Eqs. (60) and (46):
δyAΨξ =
3
b−1 ik A
3
∇iξk + 3eiAξi = rAξ , δyAH0
ζ
= BˆACpiCζ = B˜
ACpiCζ. (65)
Thus, despite the emergence of some constraints ad hoc in the canonical formalism, a tran-
sition to the ”external” time by introducing the additional condition (2) to the canonical de-
scription of Regge- Teitelboim gravitation gives the same result as usage of the ”external” time
directly in the action, as has been done in Sections 4 and 5. In [33] it has been shown that if
one considers the system dynamics under the fulfilled constraints Ψi and Ψ4, then it reduces to
GR dynamics in the ADM formalism. Since the transition to ”external” time corresponds to
solving the constraint Ψ4, it follows that the external time dynamics of the Regge-Teitelboim
formulation of gravity described in Sections 4 and 5, with the fulfilled three constraints Ψi, also
reduces to GR dynamics.
As a result of the above analysis of the equations of motion and the canonical structure of
the Regge-Teitelboim formulation of gravitation, one can conclude that a transition from the
internal time x0 to the ”external” time y0 in the framework of a classical description does not
change the physical content of the theory, corresponding to GR. The opportunity of working
with ”external” time can be further used in attempts to quantize the theory and at studies of
the splitting theory [2], mentioned in the introduction, which is a variant of embedding theory
which does not require the usage of space-time coordinates.
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